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Abstract. We show that for soluble groups of type FP„, centralisers 
of finite subgroups need not be of type FPn- 

1. Introduction 

We study stabilizers of finite groups acting on soluble groups of type FP„. 
Our interest in this problem derives from the study of groups G of type 
Bredon-FPrf with respect to the family of all finite subgroups of G. For 
the family of finite subgroups, the classifying space for proper actions, 
denoted by EG, has been widely studied. In particular, Liick has shown [TB] 
that G admits a cocompact model for EG if and only if G has finitely many 
conjugacy classes of finite subgroups and the stabilizer in G of every finite 
subgroup is finitely presented and of type FPqo- Bredon cohomology with 
respect to the family of all finite subgroups can be viewed as the algebraic 
mirror to classifying spaces for proper actions. Its properties are similar 
to those of ordinary cohomology, the mirror for Eilenberg MacLane spaces. 
The following result is an algebraic version of Luck's result, generalised to 
arbitrary d, and serves as the main motivation for this paper. 

Theorem 1.1. \Til Lemma 3.1] A group is of type Bredon-FFn if cLnd only 
if it has finitely many conjugacy classes of finite subgroups and centralisers 
of finite subgroups are of type FP„. 

Recently it was proved that every virtually soluble group of type FPqo is of 
type Bredon-FPoo jT7] . Here we show that the equivalent statement does 
not hold for type FP„ using methods from S-theory developed by R. Bieri, 
J. Groves, R. Strebel and others. Even virtually metabelian groups of type 
FP„ are not necessarily of type Bredon-FP„ . In sections 14.11 and 14.21 we 
present two types of examples for which we calculate the homological type 
of the centralizers of finite actions. In these examples G is an extension of 
Ahy Q where A and Q are abelian groups with Q of rank n, G is of type 
FP„ but not FP„+i and there is a finite group H of order n acting on G. 
Furthermore this A has Krull dimension 1 as a ZQ-module. We show that 
if Hq is a subgroup of index d in H then Gg[Hq) is of type FP^ but not 
FP(i_|_i. In the case when A is of prime exponent, the finite group H of our 
examples is cyclic. But in the case when A is torsion-free, H can be any 
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finite group which is realisable as a Galois group of a finite extension over 
Q. In particular H can be any symmetric group. 

In addition to these examples we prove some positive results describing the 
finiteness conditions of centralisers of finite subgroups. In particular, we 
show in Theorem 13.51 that a metabelian-by-finite group G of type FP„ with 
finite Priifer rank is of type Bredon FF^ for d = [^J , where s denotes the 
upper bound on the orders of the finite subgroups of G (see 13. 4p . Some 
partial results concerning Bredon homological type FF^ for soluble- by- finite 
groups of finite Friifer rank are included in section [3 

2. Freliminaries ON THE Bieri-Strebel Sigma invariant 

Let G be a finitely generated group. The character sphere S{G) of G is 
defined by 

5(G) = (i/omz(G,M)\{0})/~, 
where M is considered as a group via addition and ~ is the equivalence 
relation where xi ~ X2 if there is a positive real number r such that rxi = 
X2- We write [x] for the class of x i^i S{G) and denote 

G^ = {ge G\x{g) > 0}. 
Note that G^^ is a submonoid of G. 

Let Q be a finitely generated abelian group and ^ be a ZQ-module. The 
Bieri-Strebel invariant [3] is defined as 

^a{Q) = {[x] £ S{Q)\A is finitely generated over ZQ^}. 

Complements in the character sphere are denoted as follows: 

^a{Q) = S{Q) \ ^a{Q). 
We say that A is m-tame as a ZQ-module if whenever [xi], ■ ■ ■ , [Xm] S 
we have xi + • • • + Xm 0- The following conjecture was suggested in [2] 
after R. Bieri and R. Strebel had already resolved the case m = 2 [S]. 

The FFm-Conjecture. Let l^A—fG—^Q^lbea short exact 
sequence of groups with G finitely generated and A and Q abelian. Then G 
is of type FPm if and only if A is m-tame as a ZQ-module. 

Though the FFm-Conjecture is still open in general, it was shown to hold for 
metabelian groups of finite Friifer rank [Ij (recall that a group is said to be 
of finite Friifer rank if there is an upper bound on the number of generators 
of the finitely generated subgroups). 

3. Metabelian groups of finite Frufer rank 

Let Q be a finitely generated abelian group acting on an abelian group A 
which is finitely generated as a ZQ-module. If a group H acts on both Q 
and A we say that the actions are compatible if 

for any a €z A, q Q, h H. Note that there is an induced action of H on 
the valuation sphere such that for h ^ H, [v^] is given by 

v\q) ■.= v{q^''). 
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If the actions of H and Q on A are compatible then T,'^{Q) is /f- invariant 
(see mi 3.4]). 

Lemma 3.1. Let 1— >A^G— s-Q— >1 be a short exact sequence of groups 
with G finitely generated and A and Q abelian. Let H he a finite group acting 
on G such that A is H -invariant. Suppose A is n-tame as a ZQ-module, 
where Q acts on A by conjugation and d is a positive integer such that 

d\H\ < n. 

Then Aq = Ca{H) is a finitely generated and d-tame 'ZCq{H) -module. 

Proof. Let Qq = Cq{H). The finite group H acts compatibly on A and Q 
and we can apply (TTJ Lemma 3.5] to see that there is a subgroup Qi of Q 
such that Q = Qq X Qi is a subgroup of finite index in Q and 

(1) t acts trivially on Qi. 

To prove that Aq is a finitely generated d-tame ZQo-module it suffices to 
show that A is a finitely generated d-tame ZQo-module, as ZQq is Noetherian 
and furthermore d-tameness is preserved by submodules [5, Lemma 1.1]. 
We show first that A is finitely generated as a ZQo-module and by Corollary 
[6l Cor. 4.5] this is equivalent to the following: for every non-zero character 
X : Q — 5- M such that x(Qo) = we have that [x] G Tja{Q)- Assume now 
that for some x ^ above we have that [x] ^ Then using ([T]) 

^[Xl=0and [x*]GS^(Q), 

so A is not |-ff|-tame, contradicting the hypothesis that A is n-tame as a 
ZQ-module and therefore is also n-tame as a ZQ-module. 
Suppose that A is not d-tame as a Z(5o-™odule. Then there are elements 
[Xi], • • • , [Xd] G T.\^{Qq) such that Y.i<i<d Xi = 0. By [TTl Lemma 3.3] there 
are homomorphisms /Xj : Qi ^ M such that [xi + /Uj] S T,\{Q). Using ([1]) we 
obtain that 

A** = for every 1 < i < d. 

te-ff 

Hence 

E E(^'+^')= E E^^ = (E^^)i^i = o- 

l<i<dt€H l<i<dteH i 

Thus we have d\H\ characters {Xi+ fJ'i}i<i<d.teH summing to and [Xi+/^i] ^ 
contradicting the fact that A is n-tame as a ZQ-module and that 
d\H\ < n. Hence A is d-tame as a ZQo-module, proving the claim. □ 

Let 1— ^A^G— s-Q^lbea short exact sequence of groups with G finitely 
generated and A and Q abelian. Consider the following two conditions: 

(i) G has finite Priifer rank and A = G'; 

(ii) G = QtKA. 
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Proposition 3.2. Assume G satisfies either i) or ii) above and that A is 
n-tame as a "LQ -module. Let H he a finite group acting on G such that in 
case ii) A and Q are H -invariant and let d be a positive integer with 

d\H\ < n. 

Then Ga{H) is a finitely generated d-tame WjlGciH) / G A{H)]-module. 

Proof. By Lemma 13.11 Aq = Ga{H) is d-tame as a ZCQ(/7)-module. In 
the finite Priifer rank case it suffices to take into account that by [17^ 
Lemma 3.10] the index \Gq{H) : AGg{H)\ is finite, so Aq is also d-tame 
as a 'L[GG{H)/GA{H)]-m.odn\(i. 

Assume now that G = Q k A. Tlien Gg{H) = Gq{H) x Aq so the result 
also follows. □ 

For a real number r denote by [rj the integral part of r. This is the unique 
integer [rJ such that r — [rJ G [0, 1). 

Corollary 3.3. Let G be a metahelian group of type FP„ with finite Priifer 
rank. Let H he a finite group acting on G. Then Gg{H) is of type FP^ for 

Proof. This follows from Proposition l3.2l and the fact that the FPm-Conjecture 
holds for metabelian groups of finite Priifer rank [Ij. □ 

Proposition 3.4. Let G be a soluble-by-finite group of finite Priifer rank. 
Then there is a bound on the orders of the finite subgroups of G. Further- 
more, G has finitely many conjugacy classes of finite subgroups. 

Proof. Let G be a soluble group of finite Priifer rank. Then it is minimax; 
see for example [211 Exercise 14.1.4]. The proof of [20^ Theorem 10.33] 
implies that G has a bound on the orders of its finite subgroups. Hence the 
argument of [17^ Theorem 2.4] can be applied implying that G has finitely 
many conjugacy classes of finite subgroups. □ 

The above results give a lower bound for the Bredon-type of metabelian 
groups. This bound turns out to be the best possible as the examples in the 
next sections show. 

Theorem 3.5. Let G be a metahelian-by-finite group of finite Priifer rank 
of type FP„. Then G is of type Bredon FP^ for d = [^J, where s denotes 
the upper bound on the orders of the finite subgroups of G. 

Proof. Apply Corollarv \'6.'6\ Proposition 13.41 and Theorem I l.li □ 

4. Examples of virtually metabelian groups 

4.1. An example of prime characteristic. In this section we construct 
examples of metabelian groups G = A yi Q where Q is free abelian of fi- 
nite rank and A an infinite abelian p-group, which show that the bound in 
Corollary 13.31 can be sharp. More precisely, for a certain integer n, these 
groups are of type FP„ but admit an action of a finite cyclic group Hq such 
that Gg{Hq) is not of type FP^+i for d = L]^J- 

Let Fp be the field with p elements and Fp C A; be a finite field extension of 
degree m; A; is a field with p^ elements. Then the Galois group Gal{k \ Fp) 
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is a cyclic group generated by the Mobius map a sending an element to its 
j5th power. By [18, Ch. VIII, Sec. 12, Thm. 20] there is an element a (z k 
such that the set {o"-' (a)}o<j<m-i is linearly independent over ¥p. Hence 
k = ¥p{a). Note that 

(2) b = tr{a)= a^{a) e¥p\{0}. 

0<j<m-l 

By multiplying a with a non-zero element of Fp we can assume that b = 1. 
Define the set 

{ai = a, Cj+i = a{ai) + a}igN- 
Lemma 4.1. The set {aj}i<j<mp contains inp diffevcnt elevfients and a^n — 

Proof. Note that Om = h = 1 and so am+i = + 1 for every i. Then 
dpm = Om + (p — 1) = 1 + (p — 1) = 0. Furthermore ai = a, 02, . . . , = 1 
are linearly independent over Fp and thus 

{0'j}l<j<rnp = Ui<i<m{ai + Fp} 

contains mp different elements. □ 

Define A to be the localization k[xi, + (^j)]i<j<'mp of the polynomial 

ring /c[xi]. Let H he a, cyclic group of order pm with a generator /i acting 
on the field k{xi) in the following way : the restriction of jj, to the field k is 
the Mobius map a, and //(xi) = xi+a. Thus = xi + ai. In particular 

fi"^{xi) = xi + 1 and by Lemma l4. II fi has order pm. Moreover we get an 
induced action oi H on A. 

Consider the split extension G = A ><\ Q, where Q is a free abelian group 
with generators (71, ... , qpm and qi acts on A by conjugation as multiplication 
with xi + Oj. The generator fi of the cyclic group H acts on Q by sending 
Qi to Qi+i, where qpm+i = Qi- This, together with the above action of H on 
A induces an action of -ff on G. 

Lemma 4.2. The ZQ-module A is {pm)-tame but not {pm+l)-tame. Hence 
G is of type FPpm but not of type FPpm+i • 

Proof. Note first that ^ is a cyclic ZQ-module, where Q acts via conjugation. 
So A is a quotient ring of and the embedding of Q in ZQ induces an 
embedding of Q in A. 

Let X • Q 1^ be a non-zero character such that [x] G S^(Q). Then 
by [31 Thm. 8.1] and the fact that ^ is a cyclic ZQ-module there is a real 
valuation f:yl^MU{oo} such that the restriction of w to Q extends x- 
Since k is finite v{k \ 0) = and so if v has a positive value on one of the 
elements of the basis Y = {xi + aj}i<j<pm of Q as embedded in A, then v 
has zero value on all other elements of the same basis. 

If V has a negative value on one of the elements of Y then the f-value on 
all elements of Y is the same. Thus S^(Q) has exactly pm + 1 points, A is 
(pm)-tame but is not {pm + l)-tame as a ZQ-module. 

Finally note that the FP„-Conjecture for metabelian groups holds for 
groups which are extensions of A by Q, where Q is a finitely generated 
abelian group and A is a finitely generated ZQ-module of Krull dimension 
1 and of finite exponent as an additive group [HI Cor. C]. □ 
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Define Hq to be the subgroup of H generated by /x for some positive divisor 
d of m. Thus [H : Hq] = d. We want to study the centrahzer Cg[Hq) of Hq 
in G. Note that Cg{Hq) = Ca{Hq) x Cq{Hq). We write Aq for Ca{Hq) and 
Qq for Cq{Hq) and consider Aq as a ZQo-module via conjugation. Note that 
^0 7^ since ri/ig_ff h(xi) is an element of Aq and a non-zero polynomial of 
degree pm. Since the generator ^oiH cyclicly permutes the basis qi,..., qpm 
of Q, Qq is a free abelian group of rank d. 

Lemma 4.3. The ZQQ-module Aq is not {d+ l)-tame. 

Proof. Let Tq be the image of Qq under the embedding of Q in A. Then 
there is no bound on the degree, as polynomials in the variable xi, of the 
elements of Tq H/ie// ^i^i) H/ieH h{xi) Q Aq. In particular is not 

finite dimensional. 

Suppose now that Aq is (d-l- l)-tame as a ZQo-module. Note that by Propo- 
sition 13.21 ^0 is finitely generated as a ZQo-iiiodule. Since d is the rank of 
Qq we get that is oo-tame as a ZQo-™odule. Then the main result of [1] 
implies that for all s the tensor powers CS)^Aq are finitely generated as ZQq- 
modules with diagonal Qo-action. Hence they are also finitely generated as 
FpQo-modules. In particular, the Krull dimension of ^^vlo is at most the 
Krull dimension of FpQo, which is the rank of Qq. On the other hand the 
Krull dimension of 0^Aq is at least s times the Krull dimension of [3 
Lemma 1] and the Krull dimension of Aq is not zero since is infinite 
dimensional. Thus s cannot be arbitrarily large, giving a contradiction. 



Corollary 4.4. The group Cg{Hq) is of type FP^^ but not of type FP^^^.!. 

Proof. By Proposition 13.21 and Lemma 14.31 is d-tame but not (d + 1)- 
tame as a ZQo-niodule. The claim now follows from the fact that the FPm- 
Conjecture for metabelian groups holds for groups which are extensions of 
Aq by Qq, where Qq is a finitely generated abelian group and Aq is a finitely 
generated ZQo-niodule of Krull dimension 1 and of finite exponent as an 



4.2. An example of finite Priifer rank. The group A constructed in the 
previous section was of infinite Priifer rank. We construct examples similar 
to the above, but now A will be a torsion free group of finite Priifer rank. 
Moreover, the finite group Hq acting on G will be a subgroup of the Galois 
group of a finite extension of Q. Note also that any finite group is a subgroup 
of some symmetric group and any symmetric group is the Galois group of 
some extension of Q. 

Let : Q be a Galois extension with Galois group H. Choose a primitive 
element C with minimal polynomial /(x), note that C can chosen to be 
integral over Z so we may assume /(x) G Z[x]. Let Ok be the integral 
closure of Z in i^T and dx its discriminant. 

By \13\ Lemma 4.1] there are infinitely many primes q for which there 
exists some integer kg with q\f{kq) so we may take q, k := kg such that 



□ 




□ 



q\fik),q\\OK/Z[C]\ and q\dK. 
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By Dedekind's Theorem the last condition imphes that q is not ramified in 
Ok- Moreover, the extension : Q is Galois and therefore 

for distinct prime ideals li which form a single ff-orbit. In particular, 
Ok/qOk is a product of fields. Put I = Ii. Then for any i 

6=[OK/I:¥g] = [OK/Ii:¥g], 

and n = [K :(}]= 6to. 

The condition q\ |0/^/Z[C]| implies 

ok/qOk = m/im = nx]/{qj{x)) = f,[x]/(/»). 

A.S X — k\ f{x) in Fq[x], we deduce that 5 = 1. Therefore n = to and 

= n ^* 

teH 

with / < Ok prime and the P are all distinct. 

Let r be the ideal class number of the Dedekind domain Ok- Then 

r = aOK 

for some a € Ok- 

Take any natural prime number p ^ q- Then 

pOk = J!--- J! 

where the Jj are prime ideals which form a single if-orbit. 

Now, let Q = {qt)teH be free abelian of rank n = \H\ and let 

A = OK[a^/p,p/a%eH- 

Let each qt act on A by multiplication by a*/p- The group H acts on Q by 
ql^ = qtt^ , where t, ti G H. The group H also acts on ET, and A is invariant 
under this action. Moreover the actions of Q and H on A are compatible so 
this gives an action of H on the group G := Q ^ A. 

Proposition 4.5. The group G is of type FP„, and not of type FP„-|_i . 

Proof. Consider the homomorphism of groups 

t:Q^A 

given by T{qfi) = a^/p. This map can be extended to an epimorphism 

r : OkQ ^ A, 

where OkQ is the group algebra of Q with coefficients in Ok- As A is 
a domain, A = OkQ/P for some prime ideal P <\ OkQ- Note also that 
PDOk = 0. Thus, by P 2.4] with R = Ok, the set S^(Q) is finite and 
discrete. Therefore [HI 2.2 and 2.1] imply that 

^'AiQ) = {[v°r]:voT^O} 

where v : K ^ Zqo is a discrete valuation of K. Note that any real val- 
uation of Z is non-negative v{Ok) > 0. The discrete valuations of K, up 
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to multiplication with a positive real number, are the P-adic valuations vp 
where P ^ Ok is a prime ideal. The valuation up is given by 

vp{a) = m 

such that 

aOK = P'^M 

where M is a fractionary ideal such that P does not appear in its decompo- 
sition in primes. Note that for x € H 

{ayp)OK = {PYipOKY^ 

and therefore for h^x ^ H 

{T if X — h 
otherwise. 

Also, for any prime ideal J of Ok with J\pOk there is some sq > with 

vjia^'/p) = -So- 

Therefore has exactly {n + 1) points and the ZQ-module A is n-tame 

but not n + 1-tame. By |T| the FPm-Conjecture holds for metabelian groups 
of finite Priifer rank, so the group G is of type FP„ but not FP^+i. □ 

Now let Hq < H he a subgroup of index d. Note that Hq acts on G and 

dlHol = n. 

Moreover Cg{Ho) = Qo x with Qq = Cq{Hq) and Aq = Ca{Hq). The 
group Qq is free abelian of rank d with basis 

{sx ■■= Wqxt'-x e H/Hq}. 

teHo 

Proposition 4.6. The group Cg{Ho) is of type FP^ but not of type FP^+i. 

Proof. Note first that Lemma [3.21 and the fact that the FPm-Conjecture for 
groups of finite Priifer rank holds, see PP, imply that Cg{Hq) is of type FP^. 
In particular Aq is a finitely generated ZQo-module. 

Suppose that Cg{Hq) is of type FP^+i. Since the FP^-Conjecture holds 
for groups of finite Priifer rank, we deduce that Aq is (d + l)-tame as a 
ZQo-™odule: every d + 1 elements of S^^(Qo) lie in an open hemisphere. 
Since d + 1 > rk{QQ) we get that Aq is oo-tame as a ZQo-niodule. 
Let X : Q — > ]K be a non-zero homomorphism with xiQo) 0- We claim: 

(3) If M G then [x |qo] ^ ^AoiQo)- 

Indeed, yl is a cyclic 0/^Q-module. So ^ ~ OkQ/I for / = annoj^qiA). 
Since [x] G and Ok is finitely generated as a Z- module one sees 

that A is not finitely generated as a Oi^Qx-^odule. Then by applying [31 
Thm. 8.1], X lifts to a real valuation f : ^ ^ R U oo such that v{Ok) > 0. 
The restriction 

w = {v \ao) Aq ^ oo 
has the following property: w{aq) = w{a) + x{q) for every a G AQ,q G Qq. 
This shows that, provided w{Aq) ^ oo, Aq is not finitely generated as OkQx- 
module and consequently [x \qo] G S^^(Qo)- Note that v~^{qo) is a prime 
ideal in A and that A has Krull dimension 1. Thus u^^(oo) = 0. 
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Finally, since is an oo-tame ZQo-niodule, ([3|) implies that lies in 

a closed half subsphere of S{Q). This contradicts the description of 

in the proof of Lemma 14. 5[ □ 

5. Soluble groups of finite Prufer rank 

In this section we shall consider soluble groups of finite Priifer rank of type 
FP„ and cohomological finiteness conditions for centralisers of finite sub- 
groups. Soluble groups G of finite Priifer rank are nilpotent-by-abelian-by- 
finite, which follows from the proof of [20^ Theorem 10.38]. Then G has a 
subgroup of finite index Gi that is characteristic and is nilpotent-by-abelian. 
For such a group G there is a group extension: 



(4) N ^G^Q 

where is the commutator of Gi, N is nilpotent and Q is abelian-by-finite. 

For soluble groups of finite Prufer rank there is as of now no result like 
Theorem l3.5l We have, however, some partial results which suggest a general 
conjecture for Bredon type FP^: 

Conjecture 5.1. Let G be a soluble group of finite Prufer rank and of type 
FP„. Then G is of type Bredon-FFm for m = [—J , where s is the bound on 
the orders of the finite subgroups of G and c is the nilpotency class of N in 
^ above. 

Note that by Proposition 13.41 G has finitely many conjugacy classes of finite 
subgroups. Therefore Theorem 11.11 implies that G is of type Bredon-FPm if 
and only if the centralizer in G of any finite group of automorphisms of G is 
of type FPm- The FP^ property is invariant under finite group extensions 
and finite index subgroups. In particular, let Mi < M2 be groups such that 
Ml has finite index in M2. Then Mi is of type FP^ if and only if M2 is 
of type FPm- It therefore suffices to show that the centralizer in Gi of any 
finite group H of automorphisms of G is of type FP^- Thus without loss of 
generality we can assume that G = Gi. Hence from now on let Q be abelian, 
G be nilpotent-by-abelian and let H he a finite group of automorphisms of 
G. Note that we may also assume that m > 1 in the above conjecture. 
Otherwise there is nothing to prove. Thus we can suppose that 

(5) n > cs. 

We denote by j4 = N/N' the abelianization of A^. We shall make use of the 
following result by Aberg: 

Proposition 5.2. [1, IV. 2. 2] Let G be a soluble group of finite Priifer rank 
of type FP„ . Then A is an n-tame ZQ-module. 

Lemma 5.3. Let G be a nilpotent-by-abelian group of finite Prufer rank and 
of type FP„. Let H be a finite group acting on G. Let N be as in ^ above. 
Then A = N/N' is finitely generated and [j^^\-tame as a Cg{H)/Cn{H)- 
module. 
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Proof. As G is of type FP„ and of finite Priifer rank, A is n-tame as a Q- 
module by Proposition IV 2.2] . Using a similar argument to Lemma [3. H 
we deduce that A is finitely generated and [|^J-tame as a C / N-module, 
where C/N = Cq{H). Moreover, the index \C : Cg{H)N\ is finite [HI 
Proposition 3.11] (note that although the groups considered in [E] are of 
type FP oo, in this result the group only has to be finitely generated and of 
finite Priifer rank). □ 

For a group M denote by 7j(M) the i-th term of the lower central series of 
M. 

Theorem 5.4. Let G he a nilpotent-by-abelian group of finite Priifer rank, 
of type FP„ and let H be a finite group of order s acting on G such that ^ 
holds. Let N be as in ^ above. Then D = ®i'^i{CN[H)) /^i+i{CN{H)) is 
finitely generated and [^J-tame as a Cg[H) /CN{H)-'module, where c is the 
nilpotency class of N. 

Proof Let Qo = Gg{H)/Gn{H) and let d = [f J. By Lemma EJ^ = N/N' 
is d-tame as a Qo-™odule. By ^ d > c and hence for i < c we have that 
7i(A^)/7i+i(iV) is finitely generated as a ZQo-niodule, as it is a quotient of 
the finitely generated ZQo-module &A. 

Let B be any abelian subsection of N that is invariant under the action 
of Qo and let Ai be the i-th factor of the lower central series of A'". Then 
B has a series of ZQo-niodules with factors Bi,...,Bc such that each Bi 
is a subsection of Ai and Ai is a subsection of Then all Ai and Bi 

are finitely generated as ZQo-modules and so B is finitely generated as a 
ZQo-module. By ^ Lemma 1.1] 

c 

s|j(Qo) = U^B.(Qo), 

2=1 

and for i < c 

S^^(Qo) ^ S^,^(Qo) ^ conv<iJ:')^iQo) Q co™<eS^(Qo). 
Therefore 

S^(Qo) ^ conr;<,S5i(Qo). 

Now apply this for 5 = 7,(C7^(F))/7,+i(Civ(//)). Then 7,(C;v(^))/7i+i(Cjv(^)) 
is finitely generated as a ZQo-™odule and using [6l Lemma 1.1] again 

Therefore if ^ conv<d'^A(Qo) then also ^ conv^dT,'j-,{Qo) and D is 

— c 

J -tame as a ZQo-module. □ 

Corollary 5.5. Let G be a finitely generated nilpotent-by-abelian group of 
finite Priifer rank. Let N be nilpotent of class c as in and assume that G 
has type FP„ for some n > c. Then ©j7j(iV)/7j+i(A^) is finitely generated 
and \J^\-tame as a "LQ-module. 

Proof. Take = {1} in Theorem 15. 4[ □ 

The following result together with the remarks after Conjecture 15.11 show 
that Conjecture 15.11 holds for m = 1. 
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Corollary 5.6. Let G be a finitely generated nilpotent-by-abelian group of 
finite Priifer rank. Let N be nilpotent of class c as in with Q abelian. 
Let H be a finite group of order s acting on G. Assume also that G is of 
type FP„ such that ^ > 1. Then Cg{H) is finitely generated. 

Proof. Since is a nilpotent group it suffices to show that 

B = {Cg[H) n n)/{Cg{h) n n)' 

is finitely generated as a Qo-module, where Qq = Cg{H)/Cn[H). This 
follows directly from the fact that D from Theorem 15.41 is finitely generated 
as a ZQo-module. 

□ 

In contrast to the metabelian case there is no criterion for finite presentabil- 
ity of nilpotent-by-abelian groups. There are, however, results giving suf- 
ficient conditions implying finite presentability and hence type FP2. The 
following results are some of these sufficient conditions. 

Proposition 5.7. [10, Cor. C] Let G be a finitely generated nilpotent-by- 
abelian group with normal nilpotent subgroup N of nilpotency length c with 
G/N abelian. Suppose N/N' is (c -|- l)-tame as a G/N-module. Then G is 
finitely presented. 

Proposition 5.8. [10', Thm. B] Let G be a finitely generated nilpotent-by- 
abelian group with normal nilpotent subgroup N of nilpotency length c with 
Q = G/N abelian. Suppose that 'yi{N)/ji^i{N) is a finitely generated TLQ- 
module and that n -^'y^(^N)/y^^^(^N)iQ) = for every 1 < i < c. 

Then G is finitely presented. 

The following result together with the remarks after Conjecture 15.11 shows 
that Conjecture 15.11 holds for m = 2. 

Corollary 5.9. Let G be a finitely generated nilpotent-by-abelian group of 
finite Priifer rank. Let N be nilpotent of class c as in ^ with Q abelian. 
Let H be a finite group of order s acting on G. Assume also that G is of 
type FP„ such that — > 2. Then Gg{H) is finitely presented. In particular, 
Cg{H) is of type FP^. 

Proof. By Corollary 15.61 Gn(H) is finitely generated. By Theorem 15.41 D = 
ei7/(Civ(i?))/7i+i(Cjv(if)) is [f^J-tame as a CG{H)/CN{H)-module, in 
particular is 2-tame as a CG(-f^)/CAr(//)-module. Then by Proposition 15.81 
Cg{H) is finitely presented. □ 

Theorem 15. 4^ its corollaries and Groves' results now lead us to make the 
following conjecture: 

Conjecture 5.10. Let G be a finitely generated nilpotent-by-abelian group. 
Let N be nilpotent as in ^ with Q abelian and suppose that the direct sum of 
all factors in the lower central series of N is finitely generated and m-tame 
as a G /N -modules. Then G is of type FP^ . 

This conjecture obviously implies Conjecture [5Tj Just combine Proposition 
13.41 Theorem 15.41 and Corollarv 15.61 with Theorem ll.il 
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Also note that Conjecture 15.101 is also true if the Hirsch length h{G/N) < 
m — 1. For in this result by H. Meinert [19] implies that G is of type 

FPoo • Furthermore, by [T7[ Theorem 3.13] centralisers of finite subgroups 
in soluble groups of type FFoo are also of type FPqo . 

The sufficient conditions for finite presentability of G given in Proposition 
15.71 show that even in the case when m = 2 and is nilpotent of class 2 the 
converse of Conjecture 15.101 is not true. Indeed if ^ = N/N' is 3-tame then 
G is finitely presented but if A' = ^ A ^ then N' does not need be 2-tame. 
Actually if A is 4-tame then N' is 2-tame but in general this does not hold 
if A is only 3-tame. 

It is a well known fact, see [21 Proposition 5.3], that for nilpotent-by-abelian 
groups of type FPm the group Ht{N,Z) is finitely generated for all 1 < 
t < m. Here we show that this condition holds under the assumptions of 
Conjecture 15.101 

Proposition 5.11. Suppose that G is a nilpotent-by-abelian group with de- 
rived subgroup N of nilpotency class c, Q = G/N abelian and assume that 
D = (i)i^i{N) / ji^i{N) is finitely generated and n-tame as a "ZQ-module and 
n > c. Then Ht{N,Z) is finitely generated and [j\-tame as a ZQ-module 
for 1 < t < n. 

Proof. Denote by Ai the i-th factor in the lower central series of A^. The 
proof of the proposition depends on the structure of Hj{Ai,Z). For any 
torsion- free abelian group A there is a natural isomorphism Hj{A, Z) ~ A-'^ 
[Hi Ch. V, Thm. 6.4]. The situation turns a bit more complicated when A 
has torsion. By the proof of [12, Thm. C] if Q is a finitely generated abelian 
group and ^ is a finitely generated ZQ-module then Hi{A,Z) has a finite 
filtration with factors isomorphic to ZQ-subsections of, possibly different, 
tensor powers of A, where the action of Q is the diagonal one. Inspection of 
the proof of [121 Thm. C] shows that the tensor powers are of type 0^A for 
j < i- 

By repeating a Lyndon-Hochschild-Serre spectral sequence argument one 
proves that Ht{N, Z) has a series with factors which are subsections of mod- 
ules of the form 

Hi^{Ai,Z)^ ...0Hi^{A^,Z) 

such that ii + ^2 + • • • + V = t. Note that every Hi.{Aj,'L) has a filtra- 
tion with quotients that are subsections of ®^Aj for some s < ij . Then 
Z) (8) . . . (8i Hi^{Ac, Z) has a filtration with quotients that are subsec- 
tions of ((gj'^Mi) (g) (0*2^2) (g) . . . (g) {^^'^'Ac) for Sj < ij, hence these quotients 
are subsections of (g^i+'^a+.-.+sc/) si -\- S2 + ■ ■ ■ + Sc < ii +12 + ■ ■ ■ + ic = t- 
Since Ht{N,7j) has a filtration with quotients that are subsections of <^"^D 
for m < t < n and (g)*Z) is finitely generated as a ZQ-module for i < n, we 
deduce that Ht{N,Z) is finitely generated as a ZQ-module for t < n. 
Finally [6, Lemma 1.1. and Theorem 1.3.] yield 

s<t 

[j conv<s^UQ) ^ conv<tS^(Q). 

s<t 
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As ^ conv<„E^((2), we deduce 

□ 
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